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Quantum utuations in trapped time-dependent Bose-Einstein ondensates
Mihael Uhlmann
Department of Physis, Australian National University, Canberra ACT 0200, Australia
Quantum utuations in time-dependent, harmonially-trapped Bose-Einstein ondensates are
studied within Bogoliubov theory. An eigenmode expansion of the linear eld operators permits
the diagonalization of the Bogoliubov-de Gennes equation for a stationary ondensate. When trap
frequeny or interation strength are varied, the inhomogeneity of the bakground gives rise to o-
diagonal oupling terms between dierent modes. This oupling is negligible for low energies, i.e.,
in the hydrodynami regime, and an eetive spae-time metri an be introdued. The inuene
of the inter-mode oupling will be demonstrated in an example, where I alulate the quasi-partile
number for a quasi-one-dimensional Bose-Einstein ondensate subjet to an exponential sweep of
interation strength and trap frequeny.
I. INTRODUCTION
Ultraold atomi gases oer various opportunities for
the study of interating many-body quantum systems
in a well-ontrolled environment [1, 2℄. For instane,
the Bose-Hubbard model  a simplied desription for
bosons in a periodi potential  an be studied with
Bose-Einstein ondensates onned in optial latties
[3, 4℄. Quantum gases have also gained muh attention
lately regarding the emergene of an eetive spae-time
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19℄:
their low-energy phase utuations obey the same o-
variant eld equations as a salar quantum eld in a er-
tain urved spae-time. Hene, the study of phonons
in this laboratory system might shed some light on as-
pets of osmi quantum eets, e.g., Hawking radia-
tion [16, 17, 18, 19, 20℄ or the freezing and amplia-
tion of quantum utuations in expanding spaetimes
[8, 9, 10, 11, 12, 13, 21, 22℄. Although the utuations
in Bose-Einstein ondensates are usually small, it has re-
ently beome possible in experiments to go beyond the
lassial order parameter and resolve signatures of the
utuations [23, 24, 25, 26, 27℄.
Theoretially, the utuations in a Bose-Einstein on-
densate are usually treated as small perturbations of the
mean eld. The solution of the oupled eld equations
is rather demanding and often requires further approxi-
mations, espeially for time-dependent ondensates. The
Hartree-Fok-Bogoliubov method, see, e.g., [28℄, permits
in priniple the self-onsistent propagation of the mean
eld and the quantum orrelations for arbitrary time-
dependenes of the trap potential or interation strength.
But the saling of the numeris with system size often
limits the atual alulations to a low number of dimen-
sions, ertain symmetries, or a short time interval. Ther-
mal ondensates might be studied using the projeted
Gross-Pitaevskii equation [29℄, where the low-energy part
of the utuations is expanded into an arbitrary basis
and, in view of the large thermal oupation, treated
lassially; higher exitations as well as the vauum eet
are omitted. On the other hand, studies in the ontext of
expanding spaetimes, e.g., [6, 7, 8, 9, 10, 11, 12℄, indeed
fous on the quantum utuations but often assume a ho-
mogeneous bakground or start with the hydrodynami
ation, whih is only valid on sales longer than the heal-
ing length.
In this artile, I will disuss the evolution of the
quantum utuations in trapped time-dependent Bose-
Einstein ondensates. The linear eld operators will be
expanded into their eigenmodes thus permitting the diag-
onalization of the (initial) evolution equations. Although
basis expansions of the eld operator are frequently used
(e.g., in [29, 30℄), these referenes usually onsider the
harmoni osillator eigenfuntions, a large number of
whih must be used in order to desribe the exitations
properly. By adopting the eigenmodes, a muh smaller
part of the basis needs to be onsidered and many more
situations will beome numerially feasible. (Note, how-
ever, that in order to obtain the utuation eigenmodes,
a relatively large number of osillator funtions must be
employed  but they need not be propagated.)
This Artile is organized as follows. Setion II re-
views the eld equations and their linearization. The
Bogoliubov-de Gennes equation for the linear quantum
utuations an be diagonalized by an eigenmode ex-
pansion, whih will be performed in Se. III. How-
ever, as soon as trap frequeny or interation strength
are varied, o-diagonal terms appear. This oupling of
dierent modes is negligible for exitations with ener-
gies muh smaller than the hemial potential even in
time-dependent ondensates, as will be shown in Se.
IV, where the order parameter is treated in the Thomas-
Fermi approximation. It is then also possible to establish
the analogy between phase utuations and a massless
salar eld in a ertain urved spaetime. If the exita-
tion energies are of the same order as the hemial po-
tential, the oupling of dierent modes might lead to a
population transfer, whih will be illustrated in an exam-
ple in Se. V.
2II. FIELD EQUATIONS
A. Saling transformation
In dimensionless units, the eld operator Ψˆ of a
trapped (quasi)-D-dimensional Bose-Einstein ondensate
obeys the non-linear Shrödinger eld equation [31℄
i
∂
∂t
Ψˆ =
[
−∇
2
2
+ ω2(t)
r
2
2
+ g(t)Ψˆ†Ψˆ
]
Ψˆ , (1)
with D-dimensional oupling strength g(t) ∝ as. By
hanging the s-wave sattering length as through Fes-
hbah resonanes [32℄ or by varying the trap frequeny
ω(t), an external time-dependene an be presribed
on the ondensate. The gas loud will adapt to these
hanges and it will either expand or ontrat and with it
the quasi-partile exitations residing upon it. A part of
this bakground motion an be aounted for by trans-
forming to new oordinates x = r/b(t) with sale fator
b(t). The eld operator then reads [33℄
Ψˆ(r, t) = eiΦ
ψˆ(x, t)
bD/2
. (2)
The phase Φ = (r2/2)b˙/b is hosen suh as to gener-
ate an isotropi veloity eld ∇Φ = rb˙/b whih (at least
partially) desribes the expansion/ontration of the on-
densate. If the sale fator b(t) obeys
f2(t) = b3
∂2b
∂t2
+ b4ω2(t) =
g(t)
g0
b2−D , (3)
with g0 being the initial value of the oupling strength,
a saled eld equation follows
ib2
∂
∂t
ψˆ =
[
−∇
2
x
2
+ f2
(
x
2
2
+ g0ψˆ
†ψˆ
)]
ψˆ , (4)
where trapping and interation terms have aquired the
same time-dependent pre-fator f2(t) and all other oef-
ients are time-independent. (The sale fator b(t) on
the left hand side might be inluded into a redened time
dτ = dt/b2, see Se. IVB.)
B. Linearization
For large partile numbers N , one might formally ex-
pand the eld operator into inverse powers of
√
N [34℄
ψˆ =
(
ψ0 + χˆ+ ζˆ
) Aˆ√
Nˆ
. (5)
Here, Aˆ and Nˆ = Aˆ†Aˆ are the atomi operators. They
ommute with the linear χˆ = O(N0) and higher-order
quantum exitations ζˆ and thus yield the exat onser-
vation of partile number. The order parameter ψ0 =
O(√N) in the enter of the trap but diminishes towards
the edge of the ondensate. Insertion of the expansion (5)
into the saled Heisenberg equation (4) yields the Gross-
Pitaevskii equation for the lassial bakground ψ0 [35℄
ib2
∂
∂t
ψ0 =
[
−∇
2
x
2
+ f2
(
x
2
2
+ g0|ψ0|2
)]
ψ0 . (6)
The linear quantum utuations χˆ obey the Bogoliubov-
de Gennes equation [36℄
ib2
∂
∂t
χˆ =
[
−∇
2
x
2
+ f2
(
x
2
2
+ 2g0|ψ0|2
)]
χˆ+ f2g0ψ
2
0χˆ
† ,
(7)
and the residual terms omprise the equation of motion
for ζˆ
i
b2
f2
∂
∂t
ζˆ =
[
−∇
2
x
2f2
+
x
2
2
+ 2g0|ψ0|2
]
ζˆ + g0ψ
2
0 ζˆ
†
+ g0
(
2ψ0χˆ
†χˆ+ ψ∗0 χˆ
2 + χˆ†χˆ2
)
+O(g0ζˆ) .
(8)
These higher orders ζˆ must remain small in order for
the mean-eld expansion (5) to be valid, i.e., for the lin-
earized equation (7) to be appliable. This means that
the terms involving produts of χˆ must remain small be-
ause they at as soure terms for higher orders ζˆ.
From the Gross-Pitaevskii equation (6), I an infer
when the evolution of the order parameter ψ0 is solely
desribed by the sale fator b(t): apart from the trivial
ase f2 = const, this ours only when the spatial deriva-
tives an be negleted with respet to the interation and
trapping terms,∇
2
x
ψ0 ≪ f2(x2+2g0|ψ0|2)ψ0, i.e., in the
Thomas-Fermi approximation. Density and phase of the
order parameter ψ0 = e
iφ0
√
̺0 then assume the form
̺TF0 =
µ0 − x2/2
g0
Θ(µ0 − x2/2) ,
φTF0 = −µ0
t∫
dt′
f2(t′)
b2(t′)
. (9)
where the Heaviside step funtion Θ(µ0 − x2/2) is 1 for
µ0 > x
2/2 and 0 elsewhere. In this approximation, the
motion of the lassial bakground beomes stationary
and the saled oordinates x are o-moving with the on-
densate.
The Bogoliubov-de Gennes equation (7) an be takled
by introduing self-adjoint operators
χˆ+ = e
−iφ0 χˆ+ eiφ0 χˆ† ,
χˆ− =
1
2i
(
e−iφ0 χˆ− eiφ0 χˆ†) , (10)
with φ0 = argψ0 being the phase of the order param-
eter. These operators resemble (relative) density and
phase utuations δ ˆ̺/̺0 = χˆ+/
√
̺0 and δφˆ = χˆ−/
√
̺0
3up to the prefator 1/
√
̺0. Sine this prefator even-
tually beomes large near (and beyond) the surfae of
the ondensate, the smallness of δ ˆ̺/̺0 and δφˆ annot be
ensured. Therefore, I will stik to χˆ± in the following,
but still refer to them as density and phase utuations.
They obey
2
[
b2
∂
∂t
+ v0∇x +
1
2
(∇xv0)
]
χˆ− = −K+χˆ+ ,
1
2
[
b2
∂
∂t
+ v0∇x +
1
2
(∇xv0)
]
χˆ+ = K−χˆ− , (11)
where the veloity eld v0 =∇xφ0 results from the resid-
ual bakground phase beyond the Thomas-Fermi approx-
imation (9). However, v0 is small for g0 > 0 and if f
2
does not hange too swiftly, beause an almost homo-
geneous phase will develop with only small deviations
near the boundary of the ondensate. Whereas attra-
tive g0 < 0 invalidate the Thomas-Fermi approximation
and generally v0 6= 0 even in the enter of the trap. The
dierential operators on the right-hand sides
K+ = −∇
2
x
2
+
v
2
0
2
+ f2
(
x
2
2
+ 3g0̺0 +
b2
f2
φ˙0
)
,
K− = −∇
2
x
2
+
v
2
0
2
+ f2
(
x
2
2
+ g0̺0 +
b2
f2
φ˙0
)
(12)
generally do not ommute for inhomogeneous onden-
sates ∇x̺0 6= 0
[K+,K−] = fg0
{
(∇2x̺0) + 2(∇x̺0)∇x
}
. (13)
III. EIGENMODE EXPANSION
In order to dene the initial state unambiguously, I
will assume that the ondensate is at rest before t = tin.
Then b = 1, b˙ = 0, f2 = 1, and v0 = 0 suh that the left
hand sides of Eqs. (11) redue to partial time derivatives
and the initial eigenmode equations for χˆ± follow
∂2
∂t2
χˆ+ = −K−K+χˆ+ ,
∂2
∂t2
χˆ− = −K+K−χˆ− . (14)
Beause K+K− 6= K−K+ for inhomogeneous onden-
sates, f. Eq. (13), density and phase utuations of eah
mode must have dierent spae dependenes. This leads
to the expansions [37℄ (I will adopt the sum onvention
throughout this Artile for brevity; any indies appearing
only on one side of the equation are to be summed)
χˆ+(x, t) = h
+
n (x)Xˆ
+
n (t) ,
χˆ−(x, t) = h
−
n (x)Xˆ
−
n (t) (15)
of χˆ± into dierent eigenmode bases {h+n } and {h−n },
see Appendix A for more details on how to obtain h±n .
Usually, these two bases are neither orthogonal nor nor-
malized,
∫
h+nh
+
m 6= δnm 6=
∫
h−n h
−
m, but instead an be
hosen to be dual to eah other∫
dDxh+n (x)h
−
m(x) = δnm . (16)
Note that this ondition does not x the norm of h±n but
still permits the multipliation by an arbitrary fator,
h+n → Λnh+n and h−n → (1/Λn)h−n . Observables must be
unaeted by this ambiguity, see App. B.
Insertion of the eigenmode expansion (15) into the lin-
ear eld equations (11) yields a set of oupled rst-order
dierential equations
b2
∂
∂t
Xˆ−n = −
1
2
Anm(t)Xˆ+m − Vnm(t)Xˆ−m ,
b2
∂
∂t
Xˆ+n = 2Bnm(t)Xˆ−m + Vmn(t)Xˆ+m . (17)
with time-dependent oeients. The symmetri matri-
es
Anm(t) =
∫
dDxh+nK+h+m ,
Bnm(t) =
∫
dDxh−nK−h−m , (18)
are initially diagonal Anm(tin) = An(tin)δnm and
Bnm(tin) = Bn(tin)δnm. At later times, they aquire o-
diagonal elements beause of the dierent-time ommu-
tators [K+(t),K+(t′)] 6= 0 and [K−(t),K−(t′)] 6= 0 when
K±(t) 6= K±(t′). The veloity oupling matrix
Vnm =
∫
dDxh+n
[
v0∇x +
1
2
(∇xv0)
]
h−m (19)
is not symmetri, but vanishes for homogeneous phases
φ0 of the order parameter, e.g., initially or in the
Thomas-Fermi approximation (9). For repulsive g0 > 0
and slow variations of interation strength g(t) and trap
frequeny ω(t), the order parameter phase is homoge-
neous exept for small ripples near the boundary of the
ondensate suh that the matrix Vnm is usually negligi-
ble.
From the evolution equations (17) with the initially
diagonal oupling matries (18), the introdution of
bosoni operators aˆ†n and aˆn reating or annihilating an
initial quasi-partile is straightforward
Xˆ−n (t) = F
m
n (t)aˆm + F¯
m
n (t)aˆ
†
m ,
Xˆ+n (t) = G
m
n (t)aˆm + G¯
m
n (t)aˆ
†
m . (20)
Here, a bar shall denote omplex onjugation, e.g., F¯mn =
(Fmn )
∗
. The oeients obey the initial values
Fmn (tin) =
√
Am
2Ωm
δnm , G
m
n (tin)= i
√
Ωm
2Am
δnm . (21)
where the phase has been appropriately hosen and the
frequenies Ωm =
√
AmBm. The upper index of the o-
eients Fmn and G
m
n labels the mode, while the lower
4index denotes the omponents of this partiular mode
when expanded in a ertain basis, e.g., the initial eigen-
funtions {h±n }.
Sine the oupling matries (18) beome non-diagonal
even for slow (adiabatially) variation of the trap fre-
queny ω(t) or oupling strength g(t), the initial bases
{h±n } annot represent the eigenmodes at later times. Al-
though h±n might be employed in order to alulate the
spatial orrelation funtions, see Appendix B, the use of
these funtions might be misleading regarding the or-
relations between dierent modes. Furthermore, when
probing the exitations using, e.g., the sheme proposed
in [39℄, the proper partiles dened at the time of mea-
surement will be deteted and not the initial ones.
The partile denition in time-dependent bakground
is a non-trivial task, see, e.g., [22℄. Nonetheless, it is
always possible to expand χˆ±
χˆ±(x, t) = h
±
n;t1(x)Xˆ
±
n;t1(t) (22)
into bases {h±n;t1}, whih are dened suh that
the oupling matries Anm;t1 =
∫
dDxh+n;t1K+h+m;t1 and
Bnm;t1 =
∫
dDxh−n;t1K−h−m;t1 , f. (18), beome diagonal
at any partiular instant t1
Anm;t1(t1) = An;t1δnm , Bnm;t1(t1)= Bn;t1δnm . (23)
Of ourse, the veloity term Vnm;t1 is then generally
non-diagonal and the evolution equations of the dier-
ent modes will not exatly deouple at this partiular
instant t1. But one should bear in mind that measure-
ment ours usually in an adiabati region, where the
external parameters are only slowly-varying funtions of
time. Then, the bakground phase is approximately ho-
mogeneous and the veloity v0 ≈ 0. Hene, quasi-partile
reators and annihilators might be introdued analogous
to Eq. (20)
Xˆ−n;t1(t1) =
√
An;t1
2Ωn;t1
(
bˆn;t1 + bˆ
†
n;t1
)
,
Xˆ+n;t1(t1) = i
√
Ωn;t1
2An;t1
(
bˆn;t1 − bˆ†n;t1
)
, (24)
where Ωn;t1 =
√
An;t1Bn;t1 .
IV. THOMAS-FERMI APPROXIMATION AND
EFFECTIVE SPACETIME
In the previous setions, I made no approximations ex-
ept for the linearization (5) and the assumption of an
isotropi trap. The formalism is, in priniple, appliable
for arbitrary variations of trap frequeny ω(t) and inter-
ations g(t). To this end, it would be neessary to solve
the Gross-Pitaevskii equation (6) and the linear evolution
equations (17) simultaneously. The numerial solution is
ompliated by the fat that the oupling matries (18)
and (19) need to be alulated at eah time step. Some of
the numerial diulties an be irumvent by adopting
the Thomas-Fermi prole (9), where density and phase of
the bakground beome time-independent (in the oordi-
nates x) and thus require the alulation of the oupling
matries only one. Despite some shortomings regarding
the dynamis of the order parameter, this approximation
is usually appliable for repulsive interations and in the
enter of the trap, but beomes inaurate towards the
surfae of the ondensate, where the quantum pressure
∝ (∇√̺0)2 is relevant.
A. Coupled evolution equations
Within the Thomas-Fermi approximation (9), the o-
ordinate transformation r → x assoiated with the sal-
ing transformation (2) renders the bakground density
time-independent ˙̺TF0 = 0, while the phase beomes ho-
mogeneous ∇xφ
±TF
0 = 0 and thus VTFnm = 0. The inte-
grals of the oupling matries (18) simplify onsiderably
and the evolution equations an be ast into the form
−2b2 ∂
∂t
Xˆ−n = AnXˆ
+
n + (f
2 − 1)MnmXˆ+m ,
1
2
b2
∂
∂t
Xˆ+n = BnXˆ
−
n + (f
2 − 1)NnmXˆ−m , (25)
i.e., Anm and Bnm an be split into time-independent
diagonal parts, f. Eqs. (18),
Anδnm =
∫
dDxh+n
(
−∇
2
x
2
+
x
2
2
+ 3g0̺
TF
0 − µ0
)
h+m ,
Bnδnm =
∫
dDxh−n
(
−∇
2
x
2
+
x
2
2
+ g0̺
TF
0 − µ0
)
h−m
(26)
and onstant, symmetri, non-diagonal oupling matries
Mnm =
∫
dDxh+n
(
x
2
2
+ 3g0̺
TF
0 − µ0
)
h+m ,
Nnm =
∫
dDxh−n
(
x
2
2
+ g0̺
TF
0 − µ0
)
h−m (27)
with time-dependent prefators f2(t) − 1. The external
variation of trap frequeny ω(t) and oupling strength
g(t) is solely enoded in the sale fator b(t) and the
salar funtion f2(t) = g(t)b2−D. Note also that the o-
eients (27) and thus also the evolution equations (25)
for the utuations are independent of the initial oupling
strength g0. The addend g0̺
TF
0 appearing in the paren-
theses of Eqs. (27) and (26) an be expressed through
the hemial potential g0̺
TF
0 = (µ0 − x2/2)Θ(xTF − x),
where xTF =
√
2µ0, f. the Thomas-Fermi equation (9).
B. Low energies and eetive spaetime metri
The mode funtions h±n of exitations with low en-
ergies, Ωn ≪ µ0, are loalized inside the ondensate.
5Hene, hanging the bounds of the integrals (26) and
(27) from innity to the Thomas-Fermi radius xTF will
not alter these matrix elements signiantly. Bearing fur-
ther in mind that x
2/2 + g0̺
TF
0 − µ0 = 0 for x < xTF, it
follows Nnm = 0 and Mnm =
∫
dDxh+n 2g0̺0h
+
m. Also
Anδnm =
∫
dDxh+n 2g0̺0h
+
m beause of the restrition to
low energies, Ωn =
√
AnBn ≪ µ0 ≈ g0̺0, and one gets
Mnm = Anδnm. Hene, the evolution equations of dif-
ferent eigenmodes approximately deouple and I obtain
seond-order equations of motion for phase [40℄[
∂2
∂τ2
− 2∂ ln f
∂τ
∂
∂τ
+ f2AnBn
]
δφˆn = 0 , (28)
and density utuations[
∂2
∂τ2
+ f2AnBn
]
δ ˆ̺n = 0 , (29)
where I also introdued proper time dτ = dt/b2. Equa-
tion (28) is the evolution equation of a mode of a
minimally-oupled massless salar eld in a Friedman-
Lemaître-Robertson-Walker spaetime [21, 22℄, provided
the sale fator aFLRW of the spae-time is identied with
1/f , f. [13℄
aFLRW =
1
f
. (30)
[Note that the prefator of the damping term is 2 in Eq.
(28), while it is D in a D + 1-dimensional Friedman-
Lemaître-Robertson-Walker spaetime.℄
The analogy (28) is not restrited to the evolution
equations in mode expansion but applies in the low-
energy limit of the eld equations (11) as well: within
the Thomas-Fermi approximation, x
2/2 + g0̺0 − µ0 = 0
for x < xTF and v0 = 0, and for low exitations,
∇
2
xχˆ+ ≪ 4g0̺0χˆ+, the phase utuations obey a seond-
order eld equation [13℄[
∂2
∂τ2
− 2∂ ln f
∂τ
∂
∂τ
− f2g0̺0∇2x
]
δφˆ = 0 , (31)
whih is similar to that of a minimally oupled salar eld
in a Friedman-Lemaître-Robertson-Walker spaetime.
Having established this kinematial analogy, f. (31),
some of the onepts of general relativity an be applied
to time-dependent Bose-Einstein ondensates. Soni
analogs of horizons [21, 41, 42, 43, 44, 45, 46℄ are of par-
tiular interest for the study of non-equilibrium eets,
beause they give a rough estimate whether and when
adiabatiity will be violated and the (quantum) utua-
tions freeze and get amplied, i.e., (quasi-)partile pro-
dution ours. An eetive partile horizon ours, if
a phonon emitted at a time τ0 an only travel a nite
(o-moving) distane, i.e., if the integral
∆ =
τ∫
τ0
cs(τ
′)dτ ′ =
√
g0̺0
τ∫
τ0
f(τ ′)dτ ′ (32)
onverges to a nite value ∆Horizon for τ(t → ∞).
Wavepakets emitted at time τ0 at the origin x = 0 an
reah only points within the horizon, x < ∆Horizon, in a -
nite time. All other points are onealed by the horizon.
[For simpliity, I assumed in Eq. (32) an homogeneous
sound veloity cs.℄
C. Partile prodution in stati traps
In order to point out the analogy of phase utua-
tions to osmi quantum elds, I formulated the evolu-
tion equations (28) and (31) using proper time τ . On
the other hand, experiments are usually performed in
the laboratory and thus the variations of trap frequeny
ω and oupling strength g are presribed in laboratory
time t. Sine τ is a ompliated funtion of t, it is not
quite obvious whether or not the quantum utuations
will experiene non-adiabati evolution for a given mod-
ulation of ω(t) or g(t). In laboratory time t, Eq. (29)
reads [
∂2
∂t2
+ 2
b˙(t)
b(t)
∂
∂t
+Ω2n(t)
]
δ ˆ̺n = 0 , (33)
whih is the evolution equation of a damped harmoni
osillator with time-dependent oeients 2b˙/b and
Ω2n(t) =
(
ω2 +
b¨
b
)
AnBn =
g(t)
b2+D(t)
AnBn . (34)
Initially, when b˙ = 0, the eld modes perform free os-
illations. Upon the gradual inrease of the damping
term 2b˙/b with respet to the osillation frequenies Ωn,
the non-adiabati evolution of the quantum utuations
slowly sets in, until they nally freeze and get amplied
when both terms, 2b˙/b and Ωn are of the same order
[6, 7, 8, 9, 10, 11, 12, 13℄.
Let me disuss the two extremal ways a time-
dependent sale fator b(t) an be ahieved: rstly, only
the trap frequeny might be varied, while the intera-
tion strength g = 1. With instantaneous frequenies
Ωn ∝ b−1−D/2, adiabatiity an be violated for any -
nite hange b˙/b 6= 0 if b beomes suiently large. The
quantum utuations annot adapt to the hanging bak-
ground any more, they freeze and get amplied. And,
seondly, for stati traps, ω = 1, where g(t) is time-
dependent. Then, the situations is not so lear beause
Ω2n ∝ g/b2+D = 1+ b¨/b, f. Eq. (3). Hene, only the rapid
aeleration of the sale fator |b¨/b| & O(1) will lead to
notable hanges of the exitation frequenies. On the
other hand, adiabatiity ould be violated by inreasing
the magnitude of the damping term, 2b˙/b. Then, how-
ever, a ontinuous aeleration of b is required, beause
otherwise, if b˙/b was onstant, the system would equilib-
riate.
As an example for the absene of partile prodution
inside a stati trap, ω = 1, I will onsider an exponential
6sweep of the oupling oeient
g(t) = exp{γt} (35)
with γ > 0. In this ase, Eq. (3) for the sale fator
permits an analyti solution
b(t) =
[
(2 +D)2
γ2 + (2 +D)2
] 1
2+D
exp
{
γt
2 +D
}
. (36)
The oeients of Eq. (33) beome time-independent
2
b˙
b
=
2γ
2 +D
, Ω2n =
(
1 +
γ2
(2 +D)2
)
AnBn , (37)
and the density eigenmodes are just damped harmoni
osillators with solutions
δ ˆ̺n = e
−γt/(2+D)δ ˆ̺′n , (38)
where δ ˆ̺′n is some residual osillating funtion with fre-
queny Ωn. Hene, the density-density utuations di-
minish 〈(Xˆ+n;t)2〉 ∝ e−2γt/(2+D), and, onsequently, the
phase-phase utuations inrease. But this is just the
adiabati evolution, beause An;t ∝ e2γt/(2+D) and thus
〈Xˆ+n;t〉ad = Ωn;t/(2An;t) ∝ e−2γt/(2+D), f. App. B. This
means that no quasi-partile prodution ours for the
dynamis (35) in the hydrodynami regime, i.e., for low-
energy exitations with order parameter treated in the
Thomas-Fermi approximation. These ndings an also
be inferred from the (absene of an) eetive partile
horizon (32). For the partiular shape (36) of the sale
fator b follows
∆ ∝
∞∫
0
f(t)
dt
b2(t)
=
∞∫
0
dt→∞ , (39)
beause f(t) ∝ exp{2γt/(2 +D)} ∝ b2(t).
Note that the presented solution assumes g = eγt at
all times, espeially also for t < tin. Hene g(t
′) 6= 1
at some time t′ when b(t′) = 1, f. Eqs. (35) and (36).
On the other hand, b(tin) = 1 and g(tin) = 1 for a on-
densate at rest, see Eq. (3). Sine both solutions (stati
initial state and exponential sweep) annot be mathed
at tin suh that g and b are both ontinuous, the swith-
ing on of the exponential sweep would exite breathing
osillations. These osillations, however, generally aet
partile prodution, e.g., through parametri resonane.
V. QUASI-ONE-DIMENSIONAL CONDENSATE
The simplest appliation of the presented formalism
onsists in a quasi-one-dimensional ondensate. In highly
anisotropi traps, where the perpendiular trap fre-
queny ω⊥ is muh larger than the hemial potential,
the motion in the perpendiular diretions is restrited to
the ground state and might be integrated out. An ee-
tively one-dimensional eld equation (1) follows, where
the interation strength
g1D =
g3D
2πa2⊥
= 2asω⊥ (40)
an be varied through Feshbah resonane or by hanging
ω⊥. However, one should bear in mind that the transver-
sal extent of the ondensate a⊥ = 1/
√
mω⊥ has to be
muh larger than the s-wave sattering length as suh
that the interation of dierent atoms an still be de-
sribed through three-dimensional sattering theory. For
simpliity, I will adopt in this setion the Thomas-Fermi
approximation (9) for the order parameter but will per-
mit arbitrary energies for the exitations.
A. Spetrum
0 20 40 60 80 100µ0 / ω0
0
5
10
15
20
Ω
n
 
/ ω
0
even modes
odd modes
ωbreath
µ0
FIG. 1: Frequenies of odd (blue) and even (red) exitations
versus the hemial potential µ0 alulated using 100 har-
moni osillator basis funtions. The frequenies equal the
hemial potential at the intersetion with the blak line.
The lowest odd mode onverges for µ0 → ∞ to the lassial
Thomas-Fermi breathing frequeny ΩTFbreath =
√
3ω0 (green),
whih follows from Eq. (3).
In Figure 1, the exitation frequenies Ωn =
√
AnBn
of the lowest modes are plotted versus the hemial po-
tential µ0. For µ0 = 0, one has the equidistant spetrum
of the harmoni osillator Ωn = (n + 1/2)ω0. Whereas
for high µ0 ≫ Ωn, the frequenies beome almost in-
dependent of the hemial potential. In partiular, the
frequeny Ω1 of the lowest exitation with odd parity
tends for µ0 → ∞ towards the Thomas-Fermi breathing
frequeny ΩTFbreath =
√
3ω0 obtained from Eq. (3).
The disrepany between these two frequenies Ω1 and
ΩTFbreath for nite values of the hemial potential µ0 hints
at shortomings of the Thomas-Fermi approximation.
In partiular, Eq. (3) does not desribe the breathing
motion of the bakground properly and are must be
taken when employing Eqs. (9) for the order parame-
ter. Nonetheless, Eq. (3) still predits the orret order
of magnitude of the harateristi response time of the
7bakground, 1/ωbreath = O(1/ωTFbreath), to variations of
trap frequeny or interation strength.
Hene, it is still possible to disuss several ases, where
the dierene of ωbreath and ω
TF
breath is either small or does
not matter: rstly, if the shape of the ondensate varies
only slowly, i.e., if b˙ ≪ ωbreath and the ondensate an
adapt to hanges of ω and/or g immediately. Seondly,
if no breathing osillations are exited, e.g., beause the
ondensate expands or ontrats, see also Eqs. (35) and
(36). And, thirdly, for very large hemial potentials,
µ0 →∞, the Thomas-Fermi approximation beomes ex-
at. The quantum utuations are in the hydrodynami
regime and their eetive evolution equations (28) de-
ouple. In order to address ases where breathing of the
bakground ours, it would be neessary to abandon the
Thomas-Fermi approximation (9) and to solve the Gross-
Pitaevskii equation (6), whih ould, e.g., be done by ex-
panding the order parameter ψ0 into osillator funtions
[47℄.
B. Exponential sweep in stationary ondensate
A stationary ondensate, i.e., b = 1, an be aom-
plished through simultaneous variation of trap frequeny
ω and interation strength g, f. Eq. (3)
f2(t) =
ω2(t)
ω20
=
g(t)
g0
, (41)
though, one should be aware that this only holds within
the Thomas-Fermi approximation: the instantaneous
hemial potential must at all times be muh larger than
the trap frequeny
µinst(t) = µ0f
2(t)≫ ω(t) = ω0f(t) . (42)
If both were of the same order, the kineti term,
−∇2
x
ψ0/2, in the Gross-Pitaevskii equation (6) beomes
important; no stationary bakground ould be realized
even for simultaneous variation of ω and g.
1. Analytial eetive spaetime solution
For an exponential sweep
f2(t) = e−2γt , γ > 0 , (43)
the eetive seond-order equation (31) for the phase
utuations in the hydrodynami limit[
∂2
∂t2
+ 4γ
∂
∂t
− f2g0̺0∇2x
]
δφˆ = 0 . (44)
is that of a massless salar eld in a de Sitter spaetime
with exponentially growing sale fator aFLRW = 1/f =
eγt, f. Eq. (30)  whih is believed to desribe the uni-
verse during the epoh of osmi ination [21, 41℄. For
the time-dependene (43), the integral (32) is nite and
an eetive soni horizon ours; the quantum utua-
tions freeze and get amplied.
Instead of solving Eq. (44) for δφˆ, I will onsider the
evolution equation of the density utuations Xˆ+n[
∂2
∂t2
+ γ2e−2γ(t−tn)
]
Xˆ+n = 0 , (45)
where AnBn = γ
2e2γtn . Obviously, all modes undergo
the same evolution just at dierent times. Eq. (45) an
be solved analytially in terms of Bessel funtions [48℄
Xˆ+n =
√
πBn
2γ
{
aˆnH
(1)
0 (e
z) + aˆ†nH
(2)
0 (e
z)
}
. (46)
where z = −γ(t− tn). The Hankel funtions H(1/2)0 have
the proper asymptotis for early times t→ −∞ suh that
the operators aˆn annihilate the initial vauum state. The
phase utuations Xˆ−n = (1/2Bn)∂Xˆ
+
n /∂t read
Xˆ−n =
√
πγ
8Bn
{
aˆne
zH
(1)
1 (e
z) + aˆ†ne
zH
(2)
1 (e
z)
}
. (47)
From these expressions (46) and (47), I an infer the
orrelations of eah mode. At late times follows〈
(Xˆ+n )
2
〉
(t→∞) = 2γBn
π
(t− tn)2 ,〈
(Xˆ−n )
2
〉
(t→∞) = γ
2πBn
. (48)
Comparison with the adiabati values 〈(Xˆ±n )2〉ad, f. Eq.
(B8), yields the quasi-partile number at late times
Nn(t→∞) = 1
π
eγ(t−tn) − 1 . (49)
The oupation number of all modes grows exponentially
though at dierent times t− tn, where the shift tn is de-
termined by the exitation frequenies
√
AnBn = γe
γtn
.
However, one should bear in mind that Eq. (45) is only
valid for a limited time before leaving the hydrodynami
regime.
2. Numerial results
In order to go beyond the eetive spae-time de-
sription and thus the analytial ndings (46)-(49), I
will now onsider the full evolution equations (25). The
sweep rate γ = 0.1 shall be hosen suh that all modes
evolve adiabatially at rst, i.e., γ ≪ Ωn(tin) for all n.
When subsequently reduing trap potential and oupling
strength, the exitation frequenies Ωn(t) derease and
non-adiabati evolution sets in at dierent times for eah
mode. The utuations freeze and get amplied.
Figure 2 shows the instantaneous partile numbers
of the lowest three modes for initial hemial potential
8µ0 = 50 and γ = 0.1. The lowest exitation, n = 0, whih
beomes non-adiabati rst, aquires the largest partile
number. The next two modes, n = 1, 2, experiene less
squeezing, though, remarkably,N2 > N1  an unexpeted
result, whih an be explained by the oupling of dier-
ent modes: the seond even mode, n = 2, gets populated
from the priniple exitation, n = 0, whereas the ou-
pling matrix elements between n = 0 and n = 1 are zero
beause of dierent parity.
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FIG. 2: Instantaneous partile number in the lowest three
quasi-partile modes for an exponential sweep (43). The ini-
tial hemial potential is µ0 = 50 and the sweep rate γ = 0.1.
At t ≈ 80, the hemial potential equals the trap frequeny.
For the alulation of the eigenmodes h±n and the oupling
matries (18), I used the harmoni osillator funtions hα(x)
up to α = 79, f. Appendix III. The lowest 20 modes Xˆ±n were
then propagated. The numerial auray was set to 10−6.
VI. SUMMARY
The main objetive of this Artile was the investigation
of quantum utuations in time-dependent harmonially-
trapped Bose-Einstein ondensates with repulsive inter-
ations. To this end, the linear utuations were ex-
panded into their initial eigenmodes and the eld equa-
tions were diagonalized. This diagonal form, however,
persists only as long as the ondensate is at rest; as soon
as trap frequeny or interation strength are varied, the
oupling of dierent modes sets in. (Only part of whih
an be aounted for by transforming to the instanta-
neous eigenmodes, though the denition of instantaneous
eigenmodes is a non-trivial task.)
Two regimes were identied: rstly, for energies muh
smaller than the hemial potential, the oupling of dif-
ferent modes is negligible and an eetive spae-time
metri might be introdued for the phase utuations.
This, however, neessitates a redenition of the time o-
ordinate suh that the required hange of trap frequeny
and/or interation strength for a ertain dynamis of this
eetive spae-time is not obvious. It turned out that
the sole variation of the interation oeient g(t) in
a smooth monotoni way is hardly suient to render
the evolution of the quantum utuations non-adiabati,
sine the expansion/ontration of the bakground might
ompensate for hanges of g suh that the sound veloity
(in omoving oordinates) remains onstant. Breathing
osillations of the bakground, exited, e.g., by the sud-
den hange of the interation oeient g, might still
yield a notable amount of quasi-partiles. And seondly,
if the exitation energy is of the same order as the hem-
ial potential, dierent quasi-partile modes ouple.
The ampliation and freezing of the utuations and
also the oupling of dierent modes was illustrated in
an example, where the trap frequeny and interation
strength were exponentially ramped down suh that the
shape of the ondensate remains onstant. For the on-
sidered parameters, a quasi-partile number of 0.5 was
obtained in the lowest mode, though higher oupation
numbers ould be ahieved by faster sweep rates or start-
ing with a higher hemial potential. The inversion of the
oupation number in the next two modes ould be at-
tributed to the inter-mode oupling: although the third
exitation, n = 2, experienes a muh briefer period of
non-adiabati evolution than the seond mode, n = 1,
only the former ouples to the lowest mode, n = 0, and
gets populated from it.
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APPENDIX A: EIGENMODES
The aim of this Appendix is the derivation of the ini-
tial eigenfuntions h±n of density and phase utuations.
To this end, let me expand the eld operator into any or-
thonormal basis {hα(x)} of the underlying Hilbert spae
L2(RD) with some operator-valued oeients χˆ±α (t)
χˆ±(x, t) = hα(x)χˆ
±
α (t) . (A1)
Lower-ase Greek indies (α, β,...) shall denote the om-
ponents in this arbitrary basis, while lower-ase Latin
indies (m, n,...) label the initial eigenmodes.
If the ondensate is initially at rest, the sale fator
b = 1 and the phase of the order parameter is homoge-
nous ∇xφ0 = 0 suh that v0 = 0 and thus Vnm = 0, f.
(19). The evolution equations (11) simplify onsiderably
and an be expanded into the basis {hα}. It follows, f.
(17)
−2 ∂
∂t
χˆ−α = Aαβχˆ+β =
∫
dDxhαK+hβχˆ+β ,
1
2
∂
∂t
χˆ+α = Bαβχˆ−β =
∫
dDxhαK−hβχˆ−β , (A2)
9where K± are dened in Eq. (12). The matries Aαβ
and Bαβ are real and symmetri but do not ommute
due to [K+,K−] 6= 0, f. (13). From Eqs. (A2), I obtain
seond-order evolution equations for phase and density
utuations
∂2
∂t2
χˆ−α = −AαβBβγχˆ−γ ,
∂2
∂t2
χˆ+α = −BαβAβγχˆ+γ , (A3)
whih an be diagonalized by a transformation to the
eigenvetors.
Beause the matrix AαβBβγ 6= BαβAβγ is not symmet-
ri, phase and density utuations obey dierent eigen-
value equations
AαβBβγvnγ = λnvnα ,
BαβAβγ v˜nγ = λ˜nv˜nα , (A4)
where n denotes the vetors and α merely ounts the
omponents in the partiular basis representation (A1).
For brevity, I will only disuss the eigenvetors of AB in
the following, though the same applies for those of BA
as well. The eigenvetors are generally not orthogonal∑
α
vnαv
m
α 6= δnm , (A5)
but {vnα} usually still forms a basis. (Note, however, that
the eigenvetors of a non-symmetri matrix not always
span the entire vetor spae. But if the vn were no basis,
the evolution equation (A3) ould not be diagonalized.
This would mean that there existed some utuations,
whih have onstant losses to some eigenmodes  rather
unphysial in view of the stationary initial state onsid-
ered here. Therefore, I will not disuss this ase any fur-
ther.) With the vn = hαv
n
α forming a basis of L
2(RD),
there must exist a dual basis {vd,n} in the spae of linear
funtionals (the dual) on L2(RD), whih obeys∫
dDx vd,nvm =
∑
α
vd,nα v
m
α = δnm . (A6)
[Roughly speaking, the elements of L2(RD) beome ol-
umn vetors in the basis expansion (A1), whereas row
vetors orrespond to the funtionals on L2(RD), i.e., the
elements of the dual. Sine the eigenvetors vn form a
basis, the matrix with the vn as olumns must be invert-
ible. The rows of the (left) inverse matrix then omprise
the elements of the dual basis {vd,n} in the partiular
basis expansion (A1).℄
After the multipliation of the rst of Eqs. (A4) with
vd,mα from the left and summation over α follows
vd,mα AαβBβγvnγ = vd,mα vnαλn = δnmλm , (A7)
whih, beause {vn} is a basis, implies that the vd,n are
the left eigenvetors ofAαβBβγ with the same eigenvalues
λn
vd,nα AαβBβγ = vd,nγ λn . (A8)
Transposition yields
BγβAβαvd,nα = λnvd,nγ . (A9)
i.e., the eigenvalue equation of BA, f. (A4). Hene,
v˜n ∝ vd,n and AB and BA (i.e., density and phase utu-
ations) must have the same spetrum {λn} = {λ˜n}. For
simpliity, v˜n = vd,n, whih an be ahieved by renor-
malization of v˜n, in the following.
Note that the spetrum of a real non-symmetri matrix
might ontain pairs of omplex onjugate eigenvalues λn,
λ∗n, whih an be seen when taking the omplex onju-
gate of (A4). Complex eigenvalues ℑλn 6= 0 are assoi-
ated with exponentially growing solutions, i.e., unstable
modes. Sine I am interested in the quantization of the
stationary initial state, I will not disuss this ase but in-
stead assume λn ∈ R ∀n. (As an be easily veried, the
omponents of the eigenvetors vnα and v˜
n
α must be real-
valued as well.) Nonetheless, omplex eigenvalues might
still our in dynamial situations, e.g., during the sig-
nature hange event proposed in [9℄ or during (quantum)
phase transitions [49℄ (see also Ref. [50℄ for an illustrative
example).
The initial evolution equations (A3) an be diagonal-
ized by multipliation with the left eigenvetors
∂2
∂t2
v˜nαχˆ
−
α = −v˜nαAαβBβγχˆ−γ = − λnv˜nγ χˆ−γ ,
∂2
∂t2
vnαχˆ
+
α = −vnαBαβAβγ χˆ+γ = − λnvnγ χˆ+γ . (A10)
whih leads to the denition of the density and phase
utuation eigenmodes Xˆ±n through
Xˆ−n = v˜
n
αχˆ
−
α , Xˆ
+
n = v
n
αχˆ
+
α , (A11)
where the spatial mode funtions
h−n = v
n
αhα , h
+
n = v˜
n
αhα . (A12)
follow from omparison of Eqs. (A1) with (15) and the
duality (A6) of the vnα and v˜
n
α implies Eq. (16) for the
h±n .
In view of (A11), the initial evolution equations (A2)
an be transformed to the new basis, f. Eq. (17)
−2 ∂
∂t
Xˆ−n = AnXˆ
+
n ,
1
2
∂
∂t
Xˆ+n = BnXˆ
−
n (A13)
where the transformed matries
Anm = v˜nαAαβ v˜mβ = Anδnm ,
Bnm = vnαBαβvmβ = Bnδnm . (A14)
have beome diagonal. Note that the transformation
(A11) is not orthogonal beause the matries omprising
of the eigenvetors vnα and v˜
n
α are not orthogonal. Hene,
the ommutators are not preserved, in partiular
AαβBβγ 6= BαβAβγ ,
AnmBml = BnmAml (A15)
10
where the latter an be inferred from Eq. (A7)
λnδnm = v˜
n
αAαβ v˜kβ vkγBγδvmδ =AnkBkm =
(λnδnm)
T = vnαBαβvkβ v˜kγAγδv˜mδ =BnkAkm . (A16)
Sine Anm and Bnm also ommute with their produt
AnkBkm = λnδnm, whih is diagonal, they must be diag-
onal, too.
APPENDIX B: OBSERVABLES
The duality ondition (16) does not x the norm of the
eigenvetors but still permits the multipliation with an
arbitrary fator Λn
h+n → Λnh+n , h−n →
1
Λn
h−n . (B1)
This renormalization then leads to a strething/shrinking
of the operator-valued oeients, f. (15)
Xˆ+n →
1
Λn
Xˆ+n , Xˆ
−
n → ΛnXˆ−n . (B2)
Sine this is merely a basis transformation, the time-
evolution of the quantum utuations Xˆ±n must be un-
aeted. To see this, reall the denitions (18) and
(19) of the oupling matries: they are the matrix el-
ements of the operators K± and of v0∇x + (∇xv0)/2
with respet to the basis funtions h±n and thus aquire
additional fators as well. As expeted, all of these
fators anel suh that the time-evolution remains un-
hanged. In partiular, the eigenfrequenies are invariant
Ωn =
√
AnBn →
√
Λ2nAnBn/Λ
2
n = Ωn.
1. Correlation funtions
Furthermore the observables should not depend on the
partiular normalization of the basis funtions. The rel-
ative density-density orrelations at time t read
〈δ ˆ̺(x)δ ˆ̺(x′)〉
〈 ˆ̺(x)〉〈 ˆ̺(x′)〉 =
h+n;t(x)h
+
m;t(x
′)√
̺0(x)̺0(x′)
〈Xˆ+n;tXˆ+m;t〉
=
h+n;t(x)h
+
m;t(x
′)√
̺0(x)̺0(x′)
Gkn;tG¯
k
m;t (B3)
where I used the instantaneous eigenmode basis h+n;t, see
Eq. (22). Obviously, the fators Λn and 1/Λn ontributed
by h+n;t and Xˆn;t anel eah other and the spatial orrela-
tions are independent of the normalization Λn. Similarly,
the expression for the spatial phase-phase orrelations
〈δφˆ(x)δφˆ(x′)〉 = h
−
n;t(x)h
−
m;t(x
′)√
̺0(x)̺0(x′)
〈Xˆ−n;tXˆ−m;t〉
=
h−n;t(x)h
−
m;t(x
′)√
̺0(x)̺0(x′)
F kn;tF¯
k
m;t . (B4)
yields the same result regardless of the employed basis.
Hene, the fators Λn an be hosen at will. There ex-
ist, however, several onvenient hoies for Λn: rstly,
the density modes might be normalized to unity,∫
dDx(h+n )
2 = 1. This is advantageous if left and right
eigenvetors are the same, i.e., if AB is symmetri. The
drawbak is that if AB is not symmetri and therefore
h+n 6= h−n , only one of the mode funtions, h+n , an be
normalized to unity, whereas the norm of the h−n fol-
lows from Eq. (16). And, seondly, these fators Λn
an be xed by demanding An = Bn = Ωn. In this
ase, the prefators of (20) initially obey Fmn (tin) =
δnm/
√
2 and Gmn (tin) = iδnm/
√
2 and both quadratures
〈(Xˆ±n )2〉(tin) = 1/2. However, one should note that nei-
ther of the eigenfuntions h±n is generally normalized to
unity,
∫
dDx(h±n )
2 6= 1.
Of ourse, the oeients 〈Xˆ+n;tXˆ+m;t〉 and 〈Xˆ−n;tXˆ−m;t〉
do depend on the partiular hoie of the basis funtions
h±n;t and thus also on the fators Λn. For instane, the
adiabati density-density and phase-phase orrelations of
a partiular mode read
〈
Xˆ−n;tXˆ
−
n;t
〉
ad
(t) =
An;t
2Ωn;t
∝ 1
Λ2n
,
〈
Xˆ+n;tXˆ
+
n;t
〉
ad
(t) =
Ωn;t
2An;t
∝Λ2n . (B5)
The dependene on the fator Λn beomes important
regarding the low exitations in the Thomas-Fermi ap-
proximation, f. Se. IV: the modes deouple and it is
not neessary to introdue a new spatial basis h±n at the
time of measurement. One has instead An;t = f
2An;t0
and Bn;t = Bn;t0 suh that 〈Xˆ+n;tXˆ+n;t〉ad ∝ f while
〈Xˆ−n;tXˆ−n;t〉ad ∝ 1/f , i.e., the phase and density u-
tuations apparently inrease or derease even for adia-
bati evolution. In view of this Λn ambiguity, the (ab-
solute) density-density or phase-phase orrelations pro-
vide no adequate measure for the squeezing (i.e., non-
adiabatiity) of a single mode. The Fourier transforms
of Eqs. (B3) and (B4) on the other hand are independent
of Λn but do not represent the exitation eigenmodes.
2. Bogoliubov transformation and partile
prodution
As will be shown in the following, the (instantaneous)
quasi-partile number measures the relative deviation of
density and phase utuations from their adiabati val-
ues. In view of the dierent expansions (15) and (22)
of density and phase utuations into their initial and
adiabati eigenfuntions, the orresponding reation and
annihilation operators aˆ†n, aˆn and bˆ
†
n;t, bˆn;t, respetively,
an be transformed by virtue of a Bogoliubov transfor-
11
mation. For the annihilators bˆn;t follows in partiular
bˆn;t =
√
Ωn;t
2An;t
Xˆ−n;t − i
√
An;t
2Ωn;t
Xˆ+n;t
= αnm(t)aˆm + βnm(t)aˆ
†
m (B6)
with the Bogoliubov oeients αnm and βnm. The rst
line follows from inversion of Eq. (24) and the seond
line an be inferred after transforming (20) to the new
basis h±n;t. Sine βnm 6= 0 for non-adiabati evolution,
the quasi-partile number operator Nˆn(t) = bˆ
†
n;tbˆn;t will
have a non-zero expetation value as well
Nn(t) =
〈
bˆ†n;tbˆn;t
〉
=
∑
m
|βnm(t)|2
=
Ωn;t
2An;t
〈
(Xˆ−n;t)
2
〉
+
An;t
2Ωn;t
〈
(Xˆ+n;t)
2
〉
+
i
2
〈[
Xˆ+n;t, Xˆ
−
n;t
]〉
(B7)
where the ommutator
[
Xˆ+n;t, Xˆ
−
n;t
]
= −i. Noting that
the prefators Ωn;t/2An;t and An;t/2Ωn;t are just the adi-
abati density-density and phase-phase orrelations, see
Eq. (B5), the partile number an be rewritten
Nn(t) =
〈(Xˆ−n;t)2〉 − An;t2Ωn;t
2An;t/Ωn;t
+
〈(Xˆ+n;t)2〉 − Ωn;t2An;t
2Ωn;t/An;t
, (B8)
i.e., the instantaneous partile number gives just the rela-
tive deviation of the density and phase orrelations from
their adiabati values. Note that expression (B8) does
not ontain the orrelations between dierent modes. To
this end, it would be neessary to evaluate 〈NˆnNˆm〉,
whih is fourth order in the bˆn;t. This observable an
be redued to expetation values quadrati in in the bˆn;t
by virtue of Wik's theorem, see, e.g., [51℄.
3. Saling
Another interesting aspet regards the saling of the
orrelation funtions (B3) and (B4) with the intera-
tion strength: within the Thomas-Fermi approximation,
see Se. IV, the evolution equations (25) are indepen-
dent of g0. All properties of the linear exitations are
determined by the hemial potential µ0 and the vari-
ations g(t)/g0 and ω(t)/ω0, in partiular the expeta-
tion values 〈Xˆ±n;tXˆ±m;t〉. Only the normalization fa-
tor
√
̺0(x)̺0(x′) = (1/g0)
√
[µ− V (x)][µ0 − V (x′)] in
Eqs. (B3) and (B4) depends on g0. Hene, the rela-
tive density-density and phase-phase orrelations in the
Thomas-Fermi approximation are both proportional to
g0 for xed µ0.
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